Abstract. In the preceding part (I) of this paper, we showed that for any torsion pair (i.e., t-structure without the shift-closedness) in a triangulated category, there is an associated abelian category, which we call the heart. Two extremal cases of torsion pairs are t-structures and cluster tilting subcategories. If the torsion pair comes from a t-structure, then its heart is nothing other than the heart of this t-structure. In this case, as is well known, by composing certain adjoint functors, we obtain a cohomological functor from the triangulated category to the heart. If the torsion pair comes from a cluster tilting subcategory, then its heart coincides with the quotient category of the triangulated category by this subcategory. In this case, the quotient functor becomes cohomological. In this paper, we unify these two constructions, to obtain a cohomological functor from the triangulated category, to the heart of any torsion pair.
Introduction
Throughout this paper, we fix a triangulated category C. For any category K, we write abbreviately K ∈ K, to indicate that K is an object of K. For any K, L ∈ K, let K(K, L) denote the set of morphisms from K to L. If M, N are full subcategories of K, then K(M, N ) = 0 means that K(M, N ) = 0 for any M ∈ M and N ∈ N . Similarly, K(K, N ) = 0 means K(K, N ) = 0 for any N ∈ N .
By definition, a torsion pair is a pair of full additive thick subcategories (X , Y) of C, which satisfies the following [IY] .
(1) C(X , Y) = 0, (2) For any C ∈ C, there exists a (not necessarily unique) distinguished triangle
satisfying X ∈ X and Y ∈ Y. Remark that if (X , Y) is a torsion pair, then X and Y are mutually orthogonal. Namely, an object C in C satisfies C ∈ X (resp. C ∈ Y) if and only if C(C, Y) = 0 (resp. C(X , C) = 0). For a torsion pair (X , Y), its heart is defined (see Definition 2.1) by
and it was shown in [GHC1] that H becomes an abelian category. In the following two extremal cases, this can be described as follows.
• If (X , Y) satisfies Y ⊆ Y[1], then (X , Y[1]) becomes a t-structure [BBD] , and H agrees with the heart H = X ∩ Y[1] of this t-structure.
• If (X , Y) satisfies X [1] = Y, then T = X [1] = Y becomes a cluster tilting subcategory [KR] of C, and H agrees with C/T .
A further observation is that, in each of the above two cases, there is a canonically associated cohomological functor from C, to H or C/T , respectively (cf. [BBD] , [KZ] ). In this paper, for any torsion pair, we construct a cohomological functor from C to its heart H. Caution 1.1. Unlike [GHC1] , we use a torsion pair instead of a cotorsion pair. A cotorsion pair (U, V) in [GHC1] corresponds to a torsion pair (X , Y) in this paper, by U = X [1] and V = Y.
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Preliminaries
We recall some definitions and results from [GHC1] .
Definition 2.1. For any torsion pair (X , Y) in C, full subcategories C + and C − of C are defined as follows.
(1) C ∈ C + if and only if there exists a distinguished triangle
satisfying W ∈ W and Y ∈ Y. (2) C ∈ C − if and only if there exists a distinguished triangle
satisfying X ∈ X and W ∈ W.
Remark 2.2 ( [GHC1, Corollary 3.3 and 3.4] ).
(1) C ∈ C + if and only if any distinguished triangle
− if and only if any distinguished triangle
Let C = C/W denote the quotient of C by W. Since X [1] ⊇ W and Y ⊇ W, we also have additive full subcategories of C
Since H ⊇ W, we have an additive full subcategory
which we call the heart of (X , Y). Since C + ∩ C − = H ⊇ W, we also have additive full subcategories of C
Proposition 2.3. Let (X , Y) be a torsion pair in C. Then we have the following, for any C ∈ C, X ∈ X and Y ∈ Y.
(
Proof. The proof can be found in [GHC1] .
3. Adjoints and Orthogonality
(1) The inclusion functor X [1] ֒→ C admits an additive right adjoint functor
. Indeed, for any C ∈ C and any distinguished triangle
(For the definition of (co-)reflections, see [B] .) (2) Dually, the inclusion functor Y ֒→ C admits an additive left adjoint functor
Proof. We only show (1). It suffices to show that for any X ∈ X and any
Since w 3 • w 1 = 0, we obtain s = 0.
Corollary 3.2. For any C ∈ C, the following are equivalent.
Proof. By the definition of C + , (1) and (2) are equivalent. Equivalence of (2) and (3) Corollary 3.3. For any C ∈ C, the following are equivalent.
( (1) The inclusion functor i + : C + ֒→ C admits an additive left adjoint functor τ + : C → C + . We denote the adjunction by ρ :
A closer look at the proof of Proposition 4.3 in [GHC1] leads to the following definition.
Definition 3.5. Let C be any object in C.
(1) A reflection triangle for C is a diagram of the form
satisfying X, X ′ ∈ X and Z ∈ C + , where
is a distinguished triangle. (2) A coreflection triangle for C is a diagram of the form
is a distinguished triangle.
Remark 3.6.
(1) By (the proof of) Proposition 4.3 in [GHC1] , for any reflection triangle (3.1) for C, there exists a unique isomorphism τ
, compatible with z and ρ C . So we abbreviate Z in the above diagram to τ + (C). Moreover, it was shown that a restriction triangle always exists for any C ∈ C.
(2) Dually, for any coreflection triangle (3.2) for C, there exists a unique isomorphism
, compatible with k and λ C . Similarly, we abbreviate K in the above diagram to τ − (C). There exists a coreflection triangle for any C ∈ C.
Proposition 3.7. For any C ∈ C, the following are equivalent.
Proof. By Corollary 3.2, (1) implies (2). Conversely, assume C(C, C + ) = 0. Since
Equivalence of (2) and (3) Dually, we have the following.
Proposition 3.8. For any C ∈ C, the following are equivalent.
4. Compatibility of τ + and τ − .
Lemma 4.1. Let
be a distinguished triangle such that X ∈ X . Then, A ∈ C − if and only if B ∈ C − . In particular, if an object C ∈ C belongs to C − , then we have τ 
, and thus
Proposition 4.2. There exists a natural isomorphism
where τ + τ − and τ − τ + are the abbreviation of
Proof. Since τ − τ + (C) ∈ C + , for any C ∈ C there exists a unique morphism
Thus it suffices to show η C is an isomorphism, for each C ∈ C.
Take a reflection triangle and a coreflection triangle for C:
Since z gives a reflection and
then by the octahedron axiom, we also have a distinguished triangle
Claim 4.3.
(1) t factors through Y , and diagram (4.1) is a coreflection triangle for τ + (C). (2) s factors through X[1], and diagram (4.2) is a reflection triangle for τ − (C).
Proof. Since (2) can be shown dually, we only show (1). By Lemma 4.1, we have H ∈ C − . Thus, it suffices to show that t factors through Y . By C(X ′ , Y ) = 0, there exists y 0 ∈ C(τ + (C), Y ) such that y 0 • z = y.
{ { w w w w w w w
Thus we obtain an isomorphism
, which is compatible with ρ τ − (C) and τ − (ρ C ) by construction. So it must coincide with η C , and thus η becomes a natural isomorphism.
Construction of the cohomological functor
Definition 5.1. By Proposition 4.2, we have a natural isomorphism of functors
where ( ) : C → C denotes the quotient functor. Moreover, these functors factors through H ֒→ C. We denote these isomorphic functors abbreviately by
In the rest of this section, we show H is a cohomological functor (Theorem 5.7). Remark that H is an abelian category [GHC1] .
Example 5.2. 
and τ + (resp. τ − ) is the left (resp. right) adjoint of the inclusion functor X ֒→ C (resp. Y[1] ֒→ C). Thus, H agrees with the canonical cohomological functor (cf. [BBD] )
(2) If (X , Y) = (T , T ) for a cluster tilting subcategory T ⊆ C, then we have
and τ + = τ − = Id C . Thus, H agrees with the quotient functor ( ) : C → C/T , which can be shown to be cohomological, by the arguments in [KZ] .
Proposition 5.3. Let (X , Y) be a torsion pair in C, and let H : C → H be the additive functor constructed above. Then we have
Proof. This immediately follows from Proposition 3.7, 3.8 and 4.2.
Lemma 5.4. Let
Proof. First we show that we may assume B ∈ C − . Take a coreflection triangle for B,
then we obtain a morphism of triangles
By the octahedron axiom, we have a distinguished triangle
and thus Y 0 belongs to Y.
Remark that H(k) is an isomorphism. Thus, to show H(g) is an epimorphism, it suffices to show H(g ′ ) is an epimorphism. Thus we may assume A, B ∈ C − . In this case, for any Q ∈ H, we have a commutative diagram be any distinguished triangle satisfying X ∈ X . Then the sequence
Proof. First we show that we may assume A, B ∈ C − . Take a coreflection triangle for B,
then by the octahedron axiom, we obtain a morphism of distinguished triangles
is a coreflection triangle for A, and
becomes an isomorphism in H. Similarly, H(k) is an isomorphism. −→ H(A). For any Q ∈ H, we have a commutative diagram
So it suffices to show 0 → C(B, Q)
is exact for any Q ∈ H.
First we show C(B, Q)
Let q ∈ C(B, Q) be any morphism, and suppose q • g = 0. Let
To show the exactness of C(B, Q) 
satisfying Y ∈ Y, the sequence
is exact in H. 
−→ H(C).
From these, we obtain the exactness of H(A)
H(g)
We can determine the kernel of H as follows.
Corollary 5.8. For any C ∈ C, the following are equivalent.
(1) H(C) = 0 in H.
(2) For any X ∈ X , any morphism x ∈ C(X, C) factors through X 0 [1], for some X 0 ∈ X . Proof. Since (3) is the dual of (2), we only show the equivalence of (1) and (2). (A direct verification of the equivalence of (2) and (3) is not difficult either.)
Assume H(C) = 0, and let
